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Alldifferent Constraint and the
Traveling Sales Problem Heuristics

(Part I)

by Rick Hesse, Feature Editor, Pepperdine University

ack in the days of rotary calculators

and vacuum tube computers with

punch cards and plug-board
compilers (IBM 650), I took my first OR/
MS course, and the one problem that
really caught my attention was the Trav-
eling Salesman problem (to be politi-
cally correct now, let’s call it the
Traveling Sales Problem). It was so easy
to state: Minimize cost, time, or distance
for a salesperson to visit “n” cities once
and only once and return to the start.
But the problem quickly becomes im-
possible to enumerate all the possible
solutions and choose the best one, even
on those “new” computers—and still
stretches the limit of any computer
power available these days. Mathema-
ticians call this type of problem NP-com-
plete, and there are n!/2 possible
solutions for a symmetrical problem
(distance from city A to B is the same as
B to A). This number grows astronomi-
cally large and computing even millions
of routes per second would require mil-
lions of years to enumerate all possible
solutions for a 30-city problem. Optimal
solutions for this problem are difficult
to achieve on a spreadsheet for even
moderate-sized problems (up to 14 cit-
ies which means 142 = 196 variables,
solving it as an assignment problem
with constraints).

Heuristics

If the problem is geometrically propor-
tional, we know that the optimal tour
cannot intersect itself. Figure 1 shows
that the top path must be longer than
the bottom one, because each dotted line
is the hypotenuse of a triangle, which
must be longer than either leg. There-

fore AC is longer than CD for triangle
ACD and BD is longer than AB for tri-
angle ABD.

But just because a tour has no in-
tersections, does not mean that it is the
minimum length. And if the time or cost
between stops is not geometrically pro-
portional (and what airline fares are?),
then even looking at the loop does not
yield any useful information. The well-
known Two-Opt procedure (Lin) uses a
heuristic to remove all sets of two links
and reconnect to determine if there is a
smaller tour cost or length, and has
proven an effective way to deal with
large problems. But this too is difficult
to perform on a spreadsheet.

Traveling Sales Spreadsheet

A 15-city problem, compliments of Steve
Sacks of the University of Connecticut
is shown in Figure 2, with a heuristic
solution that gives 558 total miles
(Sacks). Steve (Stephen.Sacks@UConn.
edu) has a nice Visual Basic program
which allows students to attempt to find
the optimal solution to this geometri-
cally accurate TSP (and also 6-, 10-, and
13-city versions), and then the user can
see the results of the “nearest neighbor”
and 2-opt procedure. The spreadsheet
shown in Figure 2 uses the distance
table in E22:T37 to compute the dis-
tances along the path in D4:D18, and
the graph points are plotted using the
distances normalized on a 10-point
scale in C22:D37. Although this path
does not intersect itself, it is not opti-
mal. Each number in A4:A18 indicates
the beginning city in each link in the
corresponding column B, and the city
in column C is the ending city of the
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Remove two links: A-C and B-D and
reconnect as A-B and C-D

A

D c

Figure 1: Triangle Proof of Non-intersect-
ing Traveling Sales Tour.

link corresponding to the number in
column A in the next row. This means
143 is Waterbury to Hartford for 23
miles. The tour “wraps around” with
11—-14. The total tour length is in cell
D19 and is the sum of D4:D18. (The tem-
plates appearing in this column are
available on the Decision Line website
from links at WwWWw.
decisionsciences.org/DecisionLine).

Alldifferent Constraint in Premium
Educational Solver

The Premium Solver from Frontline Sys-
tems (Frontline Systems, http://
www.Solver.com) and the Educational
Premium Solver that accompanies most
texts that teach management science
has a feature that is extremely valuable
for solving this problem. An integer
constraint named AllDifferent is avail-
able which must be used with the Evo-
lutionary Solver (also only available in
the Premium Solver Platforms). This
constraint allows the Solver to start from

A B [ T Do JeEJFIGJH[IJJJKJL[M[N]DO]JPIG]JR]S]T
2 Fraom Ta Pht
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4| 14 Waterbury  Hartford 23 18 3.2
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710 Springfisld  Storrs 29 34| 67
IR R Storrs Worcsster 41 7 34|80
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[14] ¢ Providenoe  Kingston 24 3 63|50
[T5] 4| Kingston  Mewlonden | 34 65| 2.8
[T6] 7 | Mewlondon MewHowen | 44 || 2 46 |20
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[37] 9 | Providencs 6.25 500 [ 9| 59| 47 | 68 | 24 | 59 | 66 | 49 | 106|999 | 65 | 119 | 46 | 16 | &7 | 41
[32] 10| Springfield 3.44 667 (10| 119 | @3 | 26 | 71 | 75 | 56 | 61| 45 | 65 [999] &6 | 29 | 75 | 45 | 39
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Figure 2: 15-city Problem Heuristic Solution.

an initial solution and then employs
branch and bound to find the best pos-
sible ordering of the set of “n” numbers
(1, 2, 3, .... n) that minimizes or maxi-
mizes the objective function. It does not
perform implicit enumeration of all pos-
sibilities (so there is no guarantee of
optimality) but does investigate a large
number of possibilities from the current
best solution. To set up and execute this
heuristic, the “Premium” button must
be selected in the Educational Premium
Solver, so that the “Standard” button
shows. Then you click on the drop-
down box and select Standard Evolu-
tionary for the type of solver. Then click
the “Add” button and highlight the
decision variables in A4:A18 and select
“dif” as shown in Figure 3.

Solution

The initial setup for the decision vari-
ables must be any number in the range
1—15 (in fact, can be all 1’s), and I have
found that you don’t even need a good
solution to start with. Figure 4 shows
that just starting with the numbers in
rank order gives an “etch-a-sketch” so-
lution of 1,244 miles that is clearly not
optimal.

After over 100,000 subproblems
have been run, the Solver stops and
states that it cannot improve the solu-
tion of 553 miles (shown in Figure 2).
By running the Solver again, entering
the same starting point of 1—-15 (or
choosing a new starting point of all 1’s
or 15—1) the optimal solution of 548
miles is obtained, as shown in Figure 5.
It may be that different computers will
arrive at different answers due to
round-off, etc. It is well worth trying
several sets of starting points to see if
an improvement can be made. Because
this model does not have to be run as
an assignment problem with break
tours (to find the optimal), there are just
“n” variables instead of “n2” variables,
which means we can attempt a prob-
lem with 200 cities instead of just 14,
since the standard Solver included in
Excel (as well as the Educational Pre-
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Figure 3: Evolutionary Solver Setup with alldifferent Constraint.

mium Solver) has a limit of 200 vari-
ables.

Traveling Sales String

With almost the same setup as the TSP,
the Traveling Sales String (TSS) mini-
mizes the distance, cost, or time to visit
all the cities but not return to the start
(which I call a string instead of a tour).
Figure 6 shows the solution, and the
only difference between the TSP and
TSS template is that the string length is
SUM(D4:D17) instead of adding the
length back to the beginning. There are
still 15 variables (alldifferent), and
again, choosing different starting points
may result in different solutions. But
this is still a very efficient heuristic and
allows up to 200 cities. Of course, any
of the templates shown in this column
can be expanded to work with larger
problems and the distances between
cities do not have to be geometrically
proportional, nor does there have to be
a graph of these points. As an illustra-
tive exercise in class, it is nice to be able
to “see” different solutions, but cer-

From Ta
City City Mhiles T
Bamstable  Boston 61
Bo=ton Hartford 99
Hartford Kingaton 66
Fingston Lowell 83
Lowel| Mey Havven 12k
Mew Haven  Mew London 44
hewlondon  Pittzfield 99
Pittstield Pravidence 104
Providence  Springfield 6h
Springtield  Stomford Be
Stamford  Storrs 81
Storrs Taurton ]
Taunton Waterbumy 10z
Waterbury  Worcester EL
Woarcester  Bamaztable g9
Tatal Tour Length | 1,244
: 1y

Figure 4: Initial Solution for 15-city Problem.
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Fram To
City City Mhiles
Warcester  Springfield 39
Springfield  Pitt=field 43
Pitt=ficld  Waterbumy 61
Waterbury  Stamford 42
Stamford Mew Howen 3z
Mew Hawven  Hartford 33
Hartford Storrs 23
Starrs Pew Londan 3z
Mewlandon  Kingzton 34
Kingzton Providence 24
Providence  Taunton la
Taunton Bamztable 45
Bamztable  Boston al
Boston Lawel| 28
Lowell Warcester 3h
Total Tour Length | 548

Figure 5: Optimal Solution Using the alldifferent Constraint.

Al B | ¢ [ o JEJF[a][H]T][J]EK[JL][M[N]JO]P
1 |Traveling Sales String (TS5) 43 -
2 156| Fram Ta
Ile City City thiles [ 37
4] 8 Pitt=ficld  Springfield [ 43 al
5 | 10| Springfield Storrs 29
B |12 Starrs Hartford 23 7t
7] 3 Hartford  Waterbury | 23
8 | 14| Waterbury Stamtord 42 1
911 Stamford  MewHaven 3z !
0] 6 MewHaven  Mewlandon | 44
11| 7 | Mewlondon Kingston 34 44
12 4 Kingstan  Providence 24
13] 9 Pravidence  Worcester 41 3T
141 16 | Worcester  Lowell 3h
15| B Lawel| Boston 28 2l
16| 2 Bozton Taunton 34 14
17113 Taunton Bomstable 4h
18] 1 Barnstable  Tour Length 477 0
19 v (a

Figure 6: Traveling Sales String Solution.

tainly not necessary, especially for the Delivery Problem, where you can

larger problems.

To Be Continued

have more than one tour returning to
the base and also attempt to keep the
same number of stops for each tour.

In the next issue I will show how to
make a change in the template to tackle
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